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Bayes’ Rule for Events

𝑃(𝐵|𝐴) = 𝑃(𝐴∩𝐵)
𝑃(𝐴) = 𝑃(𝐴|𝐵)𝑃(𝐵)

𝑃(𝐴)

where, by the Law of Total Probability,
𝑃(𝐴) = 𝑃(𝐴|𝐵)𝑃 (𝐵) + 𝑃(𝐴|𝐵𝑐)𝑃 (𝐵𝑐)
Posterior Model
𝑓(𝜋|𝑦) = 𝑓(𝜋)𝐿(𝜋|𝑦)

𝑓(𝑦) ∝ 𝑓(𝜋)𝐿(𝜋|𝑦)
Beta Model
𝜋 ∼ Beta(𝛼, 𝛽)
The Beta model is specified by continuous pdf
𝑓(𝜋) = Γ(𝛼+𝛽)

Γ(𝛼)Γ(𝛽)𝜋𝛼−1(1 − 𝜋)𝛽−1 for 𝜋 ∈ [0, 1], 𝛼 > 0, and 𝛽 > 0

where Γ(𝑧) = ∫∞
0 𝑥𝑧−1𝑒−𝑥𝑑𝑥 and Γ(𝑧 + 1) = 𝑧Γ(𝑧). Fun fact: when 𝑧 is a positive

integer, then Γ(𝑧) simplifies to Γ(𝑧) = (𝑧 − 1)!.
Beta Descriptives
𝐸(𝜋) = 𝛼

𝛼+𝛽

Mode(𝜋) = 𝛼−1
𝛼+𝛽−2

Var(𝜋) = 𝛼𝛽
(𝛼+𝛽)2(𝛼+𝛽+1)

The Beta-Binomial Model
Let 𝜋 ∼ Beta(𝛼, 𝛽) and 𝑋|𝑛 ∼ Bin(𝑛, 𝜋) then
𝜋|(𝑌 = 𝑦) ∼ Beta(𝛼 + 𝑦, 𝛽 + 𝑛 − 𝑦)
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Gamma Prior
𝜆 ∼ Gamma(𝑠, 𝑟) where 𝑠 > 0 and 𝑟 > 0:
The Gamma distribution is specified by continuous pdf 𝑓(𝜆) = 𝑟𝑠

Γ(𝑠)𝜆𝑠−1𝑒−𝑟𝜆 for 𝜆 ∈
[0, ∞)
Gamma Descriptives
𝐸(𝜆) = 𝑠

𝑟

Mode(𝜆) = 𝑠−1
𝑟 where 𝑠 ≥ 1

Var(𝜆) = 𝑠
𝑟2

Poisson Likelihood
𝑓(𝑦|𝜆) = 𝑒−𝜆𝜆𝑦

𝑦! for 𝑦 ∈ {0, 1, 2, … , 𝑛}
The Gamma-Poisson Model
If 𝑓(𝜆) ∼ Gamma(𝑠, 𝑟)
and if 𝑦𝑖 ∼ 𝑖𝑖𝑑 Poissson(𝜆)for 𝑖 ∈ 1, … , 𝑛
then 𝑓(𝜆| ⃗𝑦) ∼ Gamma(𝑠 + ∑ 𝑦𝑖, 𝑟 + 𝑛).
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Normal Prior
If 𝜇 ∼ 𝑁(𝜃, 𝜏2) then

𝑓(𝜇) = 1√
2𝜋𝜏2

exp [−(𝜇 − 𝜃)2

2𝜏2 ] for 𝜇 ∈ (−∞, ∞) . (1)

Normal Likelihood
If 𝑌 ∼ 𝑁(𝜇, 𝜎2) then

𝑓(𝑦) = 1√
2𝜋𝜎2

exp [−(𝑦 − 𝜇)2

2𝜎2 ] for 𝑦 ∈ (−∞, ∞) (2)

𝐿(𝜇| ⃗𝑦) ∝
𝑛

∏
𝑖=1

exp [−(𝑦𝑖 − 𝜇)2

2𝜎2 ] = exp [−∑𝑛
𝑖=1(𝑦𝑖 − 𝜇)2

2𝜎2 ] .

The Normal Posterior
If

𝑌𝑖|𝜇
𝑖𝑛𝑑∼ 𝑁(𝜇, 𝜎2)

𝜇 ∼ 𝑁(𝜃, 𝜏2)

then

𝜇| ⃗𝑦 ∼ 𝑁(𝜃𝜎2/𝑛 + ̄𝑦𝜏2

𝜏2 + 𝜎2/𝑛 , 𝜏2𝜎2/𝑛
𝜏2 + 𝜎2/𝑛) . (3)
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